Two solitons in an optical fiber can form pairs in which the double-humped shape is maintained even when the pair is shifted in frequency by the Raman effect. We show here analytically that this is possible even when the two solitons have unequal power. We discuss the forces that cause relative motion of the two solitons, and determine a condition for balance, i.e., for a pair to maintain their separation while the phase keeps evolving. At a specific parameter point we find a solution in which even the phase profile of the pulse pair is maintained. We then discuss that this special point exists also for multipeak structures, or soliton trains. These trains can move as an entity due to Raman shifting. The results are tested by numerical simulation. A comparison to literature reveals that both the rotating phase pair and the constant phase soliton pair apparently have been seen before by others in numerical simulations. Our treatment provides the general framework.
I. INTRODUCTION
Supercontinuum generation [1] in photonic crystal fibers [2] relies on a plethora of nonlinear effects, among them soliton formation, fission, and the Raman-induced frequency shift. A recent observation of well-defined pairs of pulses which spontaneously appear inside the supercontinuum generation was reported in [3, 4] . Subject to Raman shifting, they propagate as a single entity. Akhmediev et al. have found similar pairs in a slightly different set of circumstances [5] . In this context it was recently pointed out that two equal-power solitons can be Raman shifted while keeping their mutual separation because the interaction force averages out [6] . Quite naturally, the question arises whether these are bound pairs or not. Two different theoretical approaches were derived independently, and have been described together briefly in [7] . One approach, most recently described in detail in [8] , is based on a "gravity-like potential" [9, 10] ; the other is based on perturbation theory and is the subject of this contribution.
We generalize our treatment of pulse pairs to include the possibility of different peak powers and different relative phases. We introduce the ratio of peak power of the leading pulse to peak power of the trailing pulse, r, as a variable. Our central result is that there are two quite distinct mechanisms by which pulses can form apparently stable pairs; one is as described in [6] to which we refer here as the rotating phase pair. The other will be described below and we will refer to it as the constant phase pair. The two differ in their phase dynamics.
Neither the experimental results [3, 4] nor reports of numerically found pulse pairs [5] provide specifics on the phase dynamics. Absent this information we can only base conclusions on spectral information, which is provided in [3, 4] but unfortunately not in [5] ; however, from an analysis one sees that the relative phase of the two pulses in [5] Based on our analysis we argue the case that-unequal powers notwithstanding-experimental results [3, 4] are more closely described by the rotating phase pair [6] . While [6] was derived for the limiting case of equal powers, this description * fedor.mitschke@uni-rostock.de can be smoothly extended to unequal powers. In contrast to that, Akhmediev et al. [5] started out with unequal powers and thus superficially their result seems to resemble [3, 4] more closely. However, it turns out that in [5] Akhmediev et al. have apparently found the other equilibrium situation (constant phase pair) as described below.
For our treatment we start as in [6] by assuming a superposition of two individual solitons, with certain assumptions about their initial relative phase. We first deal with in-phase pulses and generalize to arbitrary phase further below. We then impose two conditions on the pulse pair:
As a first condition we posit that both pulses experience identical accelerations; this is equivalent to demanding a constant separation. This constrains the possible parameter range for the rotating phase pair. As a second condition on top of the first we posit that the phase profile of the combineddouble-humped-solution remain constant except for trivial tilt (a uniform frequency shift). This further constrains the parameters so that for this stricter case only a localized solution remains, the constant phase pair.
This equilibrium situation is possible not only for soliton pairs but also for multihumped structures which we call soliton trains. We will show that these trains move as a single entity due to the Raman effect. We will further discuss the maximum train length.
All analytical calculations are based on perturbation treatment; they are corroborated by numerical simulations. The agreement is reassuring.
II. UNEQUAL SOLITON INTERACTION AND MOVEMENT
First we consider the propagation of an optical pulse in a lossless fiber in the simplest case (only second-order dispersion and Kerr effect, no higher-order corrections). The Raman selffrequency shift [11] is included in linearized form (only the response time T R ) as in [5] . Pulse propagation in this system is described by the nonlinear Schrödinger equation with an added Raman term:
where z is the propagation distance, β 2 the dispersion parameter, and γ the nonlinearity parameter. t is the time in the comoving frame of the pulse. If an equilibrium pulse pair exists, all accelerations or forces acting on the individual pulses must mutually cancel. Three main effects can affect the shape of the pulse pair with unequal peak powers during propagation:
(1) The well-known Kerr-mediated soliton interaction (attraction or repulsion) depending on the relative phase. It will be treated in Sec. II A.
(2) The different Raman self-frequency shift which causes a different acceleration of unequal pulses. It will be treated in Sec. II B.
(3) The different nonlinear phase evolution of unequal solitons which results in a relative phase change. This acts back on the Kerr interaction during propagation, and will be treated in Sec. III B.
All effects act simultaneously and can, under the right circumstances, accelerate the pair without a shape change.
A sketch of this behavior is shown in Fig. 1 . Frequency detuning of the solitons with respect to the frame of reference is equal to a tilt of the temporal phase functions. Here a positive slope of the phase stands for a redshift of the soliton and a negative slope for a blueshift, respectively. A rotating phase FIG. 1. Sketch of the effects acting on asymmetric soliton pairs. Frequency shift of the solitons after a certain distance z is equal to a temporal phase tilt with respect to the input situation (dashdotted line). The Kerr interaction and Raman effect result in an equal acceleration; nonlinear phase evolution keeps the relative phase.
pair requires an equal acceleration of both solitons. A constant phase pair additionally requires a maintained relative phase.
A. Interaction force of unequal solitons
Now we derive an expression for the interaction force of solitons with different power. We formulate the two interacting solitons U and V in "real world" units:
and
Here T U and T V are the respective pulse durations and P U and P V the respective peak powers, σ is the temporal separation of the pair, and ϕ is the initial relative phase. The interaction force for U (and similarly for V ) depends on both pulses and is given by [6, 12] 
where W U is the energy of the soliton U ,
For convenience we define
The superposition of both pulses can then be written as
Using Eqs. (2)-(6) the force acting on U can be written as
With this we can calculate the forces acting on U and V , which are different due to the unequal amplitudes.
B. Raman self-frequency shift
In [6] we derived an approximate expression for the Ramaninduced frequency shift R :
The fundamental (N = 1) soliton constraint
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C. The equal-acceleration constraint
The shape of the double soliton shown in [5] Fig. 6 suggests that it has a relative phase of ϕ = 0; therefore, we start by considering in-phase solitons. (We will generalize to other phases below in Sec. III C.) In that case the Kerr-mediated interaction is always attractive (we assume anomalous dispersion throughout). This holds also for unequal peak powers.
For an equilibrium to occur the attraction must be canceled by the Raman-induced motion. The condition for such balance of forces we call the equal acceleration constraint. We analyze the situation at the launch point: It is a necessary condition that the forces are balanced at that point. Note that it may not be a sufficient condition, since during propagation initial attraction might turn into repulsion as the relative phase evolves (see below).
The Raman self-frequency shift accelerates each pulse individually; this is not an interaction. Since the frequency shift depends on the peak power, there are three different regions of relative acceleration:
(1) The trailing pulse is brighter: different acceleration mimics a repulsive interaction; pulse separation will always increase;
(2) the pulses are equal: both pulses are equally accelerated; the relative separation remains constant; (3) the leading pulse is brighter: different acceleration mimics attraction; if unchecked, the pulses will always eventually collide.
By demanding that both pulses of the pair must have the same velocity or acceleration, it follows that
or, equivalently,
Here ω = ω V − ω U and R = R,V − R,U . For an equilibrium pulse shape the Kerr-mediated attraction can be canceled out only in the first region where the Raman effect acts "repulsively."
By way of example we calculate the forces for the specific parameters shown in Table I . We introduce the peak power ratio parameter r for the pulses as P U = rP V . In Fig. 2 on the upper side the pulse pair shapes are plotted; U is shown by a dashed line; V by a solid line. In example (a) (left column) the trailing 
Forces acting on two in-phase solitons U (dashed) and V (solid) for different peak power ratios r. Upper plots: power profiles of both pulses, at their given separation. First row: Interaction force due to the Kerr effect. Second row: Effective force due to the Raman self-frequency shift (RSFS). Third row: The net result from the two previous rows. Only for r < 1 can the resulting forces be equal, so that the relative force cancels. This case occurs at the intersection in the bottom left panel, marked by a black dot. pulse is brighter (r = 0.7). The first row shows the interaction forces depending on the separation. The center frequency of the pulse U (dashed) is always reduced (redshifted) while V (solid) is always blueshifted. 1 In the presence of anomalous dispersion this leads to an attraction (U becomes slower; V becomes faster). The Raman frequency shift (second row) acts on each pulse individually and does not depend on their separation. Here both pulses are redshifted, but the redshift of V is stronger due to its higher peak power. This can be interpreted as an effective force which is plotted in the third row. The intersection of the curves indicates equal forces and is highlighted by a black dot. At the separation pertaining to this intersection both pulses have the same acceleration, and thus maintain their separation (at least initially).
The second column describes the case of r = 1, i.e., a pulse pair of two equal-power solitons. Here, the interaction forces are symmetric (first row), and the Raman forces are the same. Therefore attractive interaction cannot be canceled out. The only way that the interaction force can vanish is at infinite separation, which is an irrelevant case. Now we turn to the third column where r = 1.3, i.e., the leading pulse is brighter. Both the interaction and the Raman effect act attractively; therefore, they cannot mutually cancel, and no equilibrium solution exists.
In Fig. 3 the net force d/dz with = V − U is shown in solid lines as a function of separation σ and peak power ratio r. Positive values imply "attraction;" negative values, "repulsion." The heavy solid black line marks the locus of all (σ,r) points where both pulses undergo the same acceleration: Here the equal acceleration constraint is fulfilled. Note, however, that this is an unstable equilibrium: For a situation to the right of the heavy curve the separation is too large, but the force is then repulsive. It does not restore the equilibrium but rather drives the system further away from it.
For very large separations the force tends to that of the Raman effect alone because then the interaction contribution vanishes. As one proceeds from large to small separation, the relative contribution from the attractive interaction increases; to balance this the Raman repulsion must increase. This occurs through increased deviation from the equal-power case. Hence, all curves have positive slope. For very small separations, when both pulses begin to overlap considerably, our perturbative treatment will eventually break down. We think that the results should not be trusted below σ ≈ 2τ FWHM , which here corresponds to σ ≈ 100 fs.
D. The constant phase constraint
So far we have found conditions for pulse pairs so that in their power profiles the separation between the two components is maintained. One may adopt a stricter definition of a constant pulse pair shape by demanding that the phase structure of the pair remains constant. We will, however, admit trivial transformations such as a phase offset due to propagation, and a linear slope (tilt) of the phase due to a frequency shift of the pulse pair as an entity. We will call this stricter condition the constant phase constraint. We will now pursue this stricter constraint; it will further narrow down the range of possible parameters for the pulse pair.
The phase evolution of an individual, unperturbed soliton is given by
Designating ϕ = ϕ V − ϕ U , we can write the derivative of the differential phase shift as
Now we take the interaction between the two pulses into account. The equal-acceleration constraint guarantees that both phase functions have the same tilt. We define the relative phase as that phase angle that one obtains at the center point t c between the pulses (t c = t U + σ/2 = t V − σ/2). If each pulse individually has a tilted phase, the relative phase can be constant only if both tilts are the same. After some calculations we obtain
where
The constant phase constraint demands that d dz ϕ(t c ) = 0. In Fig. 3 the evolution of the relative phase is shown in the same parameter range in dashed lines. The heavy dashed black line marks the locus of all (σ,r) points where the relative phase is maintained.
E. Classification of equilibria
In the simultaneous presence of both Kerr interaction and Raman frequency shift, pairs with constant separation are possible only when the accelerations from both effects cancel (rotating phase pair). A stricter condition is that the entire double-humped structure maintains its complex amplitude shape as one entity; this is the constant phase constraint (there appears the constant phase pair). Only for a unique parameter triplet (T R ,σ,r) can both constraints be fulfilled simultaneously. For in-phase solitons discussed so far we have shown that this unique solution exists only if r < 1, i.e., if the trailing pulse has higher peak power than the leading one.
The intersection of the locus of equal acceleration and constant phase constraints determine the parameter triplet (T R ,σ,r) for this unique constant phase pair. Here we continue to use T R = 2 fs; the intersection occurs at σ ≈ 170 fs, which is above 2τ FWHM = 100 fs so that validity of the treatment may be assumed. The power ratio r ≈ 0.7, a quite distinct asymmetry of the pulse pair.
Strictly speaking, the constant phase pair exists only in the intersection point. However, in its vicinity the pulse shape change is greatly reduced. As long as the deviation is along the direction where the constant acceleration constraint remains fulfilled (in the figure, nearly vertical) , an apparently stable pair will be observed for a long propagation distance. On the other hand, a deviation in the horizontal direction will quickly lead away from the equilibrium.
The second interesting area in Fig. 3 is along the equalacceleration line for separations above ≈220 fs. In this regime both pulse powers are nearly equal, and the phase rotates rapidly. This is the case that was analyzed in [6] . In the present context it should be clear that the pulse shape cannot be truly constant here.
The third coordinate of the parameter triplet, the Raman response time T R , is varied in Fig. 4 to show its influence. With increasing values of T R both the peak power ratio r and the separation σ decrease. As above, the validity of our perturbational ansatz becomes questionable below σ ≈ 100 fs; therefore, we cannot make statements for Raman response times above T R ≈ 6 fs.
Both Podlipensky et al. and Akhmediev et al. find pulse pairs with apparently stable separation. They must both have found situations close to the line given by the equalacceleration constraint. Both see unequal powers. From Fig. 6 in Ref. [5] one reads r = 0.69 and σ = 6.40T 0 which is close to the predicted intersection point at r = 0.69 and σ = 6.00T 0 .
On the other hand, in the picture from Russell and coworkers which we cited in [6] fringes in the spectral evolution are plainly visible. This is indicative of a phase evolution. Therefore they cannot be near the intersection.
III. COMPARISON WITH SIMULATIONS
We numerically simulated the propagation of unequal soliton pairs using the symmetrized split-step Fourier transform [13] . The Raman self-frequency shift is included with the linearized approximation using the Raman response time T R . As an initial guess we used two in-phase fundamental solitons. We then varied the parameters r and σ to find equilibrium solutions in the theoretically predicted region.
A. Existence of constant phase soliton pairs
As above, we first fix the Raman response time at T R = 2 fs. Indeed we find an equilibrium solution at r = 0.70; σ = 177 fs (6.24T 0 ), quite close to the predicted r = 0.69; σ = 170 fs (6.00T 0 ). Propagation over 20 soliton periods (with respect to U , the leading pulse which is the weaker one) is plotted in Fig. 5 . Figure 5(a) shows the pulse evolution in the time domain. While the Raman-induced acceleration of the whole structure is plainly visible, pulse shape changes are minimal. For reference, the two dotted curves indicate the trajectory the individual solitons would follow in the absence of the other soliton. Figure 5(b) illustrates the spectral evolution. Here it is obvious that no relative phase rotation occurs. The spectrum remains unchanged except for the global shift. This sets the unequal soliton pair apart from the pairs observed in [3, 4] where spectral fringes indicated a rotation of the relative phase. are distinguished by line style (solid, dashed, and dash-dotted, respectively), but this is hard to see because after correction for their shift they practically coincide. Also shown are the phase profiles at the same locations. As anticipated, they remain constant except for an increasing tilt during propagation. This demonstrates that indeed we numerically found the case where both constraints described above are simultaneously fulfilled. We point out, however, that the concept of an invariant shape here requires a caveat: Since accelerated solitons always lose energy to radiation, no such structure will ever survive for indefinite distances. Now we also vary the Raman response time T R . To obtain global parameter triplets we use the normalized Raman response time τ R = T R /T 0 and calculate separations in units of T 0 (with respect to the brighter trailing soliton). We restrict the variation of numerical simulations to the reasonable range of 0.010 τ R 0.123 which corresponds here to 0.3 fs T R 3.5 fs. Figure 6 identifies the numerically found parameters σ 0 (τ R ) = σ/T 0 and r(τ R ) pertaining to the equilibrium (constant phase) solution (black dots), along with the theoretically expected values calculated from the model (gray dots). The agreement is convincing in qualitative terms; quantitatively the slope of the calculated peak power ratio r(τ R ) deviates slightly. The predicted separation σ 0 (τ R ) has a constant deviation of 4.29% for all values. We add that for τ R values above 0.125 it becomes difficult to numerically locate the equilibrium solution because then even mild deviations immediately produce a large instability.
The gray curves in Fig. 6 are fit functions to calculate the parameters of a soliton pair depending on a given value of τ R . We have used r = exp (−aτ 
B. Propagation
So far we have found equilibria between Kerr and Raman terms so that the double-humped shape is maintained at least for an initial infinitesimal propagation distance. As the propagation continues, the phases of both pulses evolve at different rates if their powers are different. This warrants a study of the actual propagation over realistic distances.
We therefore performed propagation simulations with systematic variations of both the peak power ratio r and the separation σ . The intention is to compare numerical results to predictions of the model as shown in Fig. 3 . We assumed a fiber length of ten soliton periods and kept the Raman response time at T R = 2 fs; other parameters are chosen as in Table I . The full width at half energy (FWHE) of the double-humped structure was used as the preferred metric for the separation of the pulse pair. Constancy of this value indicates invariant propagation; thus, we need to look at the deviations. Figure 7 shows the absolute value of the maximum of the difference between FWHE at launch point and at any later point, as obtained from 5000 simulation runs. A gray code is used wherever the deviation remains bounded to below 1%; else, there is white. Contours at 0.66% and 0.33% are also given (white lines). The "tongue" of solutions close to the rotating phase equilibrium reproduces the corresponding prediction in Fig. 3 quite well; in quantitative terms it is just slightly shifted, similar to the situation in Fig. 6 . Note, however, that toward lower r the tongue narrows, and eventually ends in a cusp. Near the cusp, marked by a hollow circle, there is the position where both constraints are fulfilled (intersection in Fig. 3 ).
Below the intersection in Fig. 3 , the relative phase rotation as given in Fig. 3 is positive. This sign implies that the trailing, stronger pulse receives more energy at the expense of the leading, weaker pulse so that the imbalance runs away. At the small separations in this regime this precludes the possibility of an equilibrium.
According to the theoretical predictions for (r,σ ) parameter pairs above the tongue there should be initially attraction; below, repulsion. We test this by giving explicit results for the four points labeled by number in the diagram in Fig. 8 . The propagation in the temporal and spectral domain is shown for these four examples.
For point 1 (inside the tongue, in the lower part, but not at the constant phase solution) in the temporal picture the separation remains nearly, but not entirely, constant. Power is exchanged between the two pulses: Initially the weaker pulse receives energy until the relative phase is reversed; then, energy flows the other way, etc. In the spectral picture, the overall frequency shift is modulated by fringes; however, the position of the fringes is not fully constant. Rather, their wobbling shows the energy exchange between the pulses. Point 2 is also within the tongue, but in a regime of nearly equal powers. As shown in [6] , here the relative phase rotates rapidly. As expected, the temporal picture again shows the near-constant separation, but the energy exchange is hardly visible. Correspondingly, in the spectral picture, the fringes are almost vertical and straight.
Point 3 is below the tongue where repulsion is expected, mostly caused by the Raman term. This is indeed what the temporal picture shows quite clearly. At the same time, in the spectral picture the increasing separation this reflected in that the fringes get narrower.
Point 4 is another example far away from the tongue but to the other side. Here both Kerr and Raman effect should be attractive. The temporal picture shows that indeed a collision takes place. After the collision, most of the energy is concentrated in the trailing pulse which then, by way of Raman shift, flies away rapidly.
C. Initial relative phase other than zero
Now we will lift the restriction that the pulses are initially in phase. Out-of-phase solitons can still fulfill the equalacceleration constraint if the leading pulse is brighter because then one has Kerr-mediated repulsion and Raman attraction. However, in this case the constant phase constraint cannot be fulfilled because that requires the brighter pulse to be the trailing one.
We first note that the relative phase evolution d dz ϕ(t c ) does not depend on the initial phase. Therefore, those (σ,r) points that defined the constant phase constraint are preserved. However, a modification arises for the equal-acceleration constraint.
Take the case of opposite phase pulses. While the Raman interaction remains the same, Kerr attraction turns into repulsion, and vice versa. Therefore, if one were to draw a corresponding version of Fig. 2 , it would turn out that a balance of forces would require r > 1. If one considers pulses in quadrature where the Kerr interaction is very weak, one expects that only weak Raman forces can compensate them so that equilibria can exist only for r close to 1.
These expectations can be tested by checking Fig. 9 . The top row reiterates the in-phase situation, for the sake of the completeness of the figure. In the left panel (theory) the solid line is the locus of the equal acceleration constraint; the constant phase constraint is shown by the dot-dashed line. In the right panel (simulation), the tongue near the equalacceleration constraint is shown, and the intersection point of both constraints is highlighted.
The second row is for quadrature phase. As expected, the solid line remains close to r = 1 while the dot-dashed line remains unaltered. This is also reflected well in the simulation.
The third row shows the opposite-phase situation. Again as expected, the solid line is roughly flipped from r < 1 to r > 1 while the dot-dashed line is still unaltered. This, too, is reflected well in the simulation results.
Surveying the entire figure, one notes that tongues exist in all cases. For large separation their position, almost independently of phase, is near r = 1. This reproduces the results from [6] . It is also a situation in which pairs can form easily because any initial phase is as good as any other.
For smaller separation the tongues decrease in strength, and their position is phase dependent. The initial phase must therefore be set accordingly; a much less likely situation. We already hinted at this conclusion in [6] .
An intersection of both constraints exists only for in-phase pulses when the trailing pulse is the brighter one. This is the situation studied by Akhmediev et al. in [5] , and apparently he used parameters close to the intersection.
D. Movement in the transient region
As long as one chooses parameters which do not coincide with the constant phase solution at the intersection of both constraints, and as long as both pulses have unequal power, the relative phase will evolve as the pulse pair propagates down the fiber. Therefore, stationary views as in the right column of Fig. 9 do not adequately represent the dynamics of the process. We will explain the situation with a closer look at the dynamics during propagation (Fig. 10) the normalized separation σ (z)/σ in , the power ratio r(z), and the relative phase ϕ(z) from the pulse pair propagation as in case 1 of Fig. 8 . The relative phase increases almost linearly. To read the corresponding r values one might cycle between the panels in the right column of Fig. 9 . The complete curve shows an oscillation; the maxima occur whenever the pulses are in opposite phase, and the minima for in-phase pulses. The separation does not vary a lot but slightly wobbles as r oscillates; on top of that it very gradually increases.
Right after launching in-phase pulses the Kerr interaction is attractive, but due to the phase evolution it becomes weaker. If the relative phase evolution has the correct sign, power will be transferred from the trailing to the leading pulse. This brings r closer to unity, and Raman repulsion becomes weaker. Actually, both effects can change sign as soon as r > 1, but the equal-acceleration condition can be preserved all the time: Kerr interaction and Raman self-frequency shift approximately balance out in spite of the rotating relative phase.
To check the consistency of the r trace in Fig. 10 we took the phase values as start values for the analytic model, and Fig. 8 part 1 ). In this situation the separation initially appears constant but then slowly increases. The relative power oscillates, but as the pulses separate, the energy exchange is reduced, and the oscillation is damped. The relative phase rotates at a nearly constant rate; minima in r occur whenever ϕ goes through zero; maxima at ϕ = π . Dashed curve: Oscillation of the peak power ratio r from the analytical prediction.
found the corresponding r values. The result is compared to the original curve (dashed curve in Fig. 10 ). The oscillation is reproduced very well with the exception of its amplitude, but some deviation is expected since above (see Fig. 9 ) the parameters differed slightly between analytic and numerical results.
IV. SOLITON TRAINS
So far for soliton pairs we have found a "magic point" where the pulse shape of the double-humped structure does not change. It is defined by the equal-acceleration constraint and the constant phase constraint. These constraints can be used to arrange more than two solitons in an "organpipe" fashion. Consider a soliton train consisting of n solitons:
where i = 1 denotes the brightest soliton. The Kerr-mediated force acting on soliton S i is given by
Each soliton S i has a Raman shift given by
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is the same for all solitons. Depending on this net shift the solitons can be arranged only at that position t i where the constant phase constraint
is fulfilled. If all solitons S i take these particular positions, their phase tilts connect smoothly. For an n-tuple soliton train we insert Eqs. (18), (19), and (21) in Eq. (20) to obtain a set of n coupled transcendental equations, one for each soliton S i , which have to be fulfilled:
These equations can be solved with an iterative method to obtain the individual soliton parameters (r i ,σ i ) with r i = P i /P 1 and σ i = t 1 − t i as the separation between soliton S i and the brightest soliton, S 1 . Solitons can be located only in the interval 0 < t i t 1 . t i < 0 would imply the impossible condition of a negative phase evolution whereas t i > t 1 is impossible because above we defined S 1 as the soliton with the largest t i . t 1 increases with n, the number of solitons in the train, because the net frequency shift or acceleration of the whole structure decreases with increasing n [see Eq. (21)]. This is due to the Kerr effect which partially balances out the Raman frequency shift of the brightest soliton and increases the acceleration of the lowest soliton S n . The resulting acceleration of the n-tuple soliton has a value between the individual Raman-induced accelerations d R,S i /dz for the extremal cases i = 1 and i = n. It will set the entire train in motion.
The geometrical arrangement of the n-tuple solitons is shown in the left column of Fig. 11 for n = 1, . . . ,4 , respectively. The dashed diagonal lines mark the phase evolution dϕ(t)/dz (corresponding to the net acceleration) of the n-tuple soliton and starts at t = 0. The phase evolution dϕ 0 /dz of the individual solitons is shown as arrows. Additional solitons decrease the slope of dϕ(t)/dz and therefore increase the position t 1 of the brightest soliton.
In each panel, little gray and black rectangles symbolize the direction and amount of the shift caused by the Raman and Kerr effect, respectively, and the net result. For all solitons in an n-tuple the net effect is the same as it must in an equilibrium.
The corresponding numerical simulations are shown in the second column. Obviously the structure of the n-tuple and the decreasing net frequency shift is confirmed very well. The third column shows the evolution of the pulses in the time domain, and the fourth (right) column in the spectral domain.
The trains of solitons can be extended to more than four solitons but not to an infinite number. If the width of the whole structure exceeds the region 0 < t < t 1 no more soliton trains can be found that maintain their shape for some time. For the parameters used here, solutions up to n = 7 exist whereas for n = 8 the lowest soliton cannot be accommodated any more. This behavior is visualized in Fig. 12 where white circles with the corresponding soliton number mark the position of the individual solitons for n = 1, . . . ,7. The respective pulse shapes can be seen to the right. The gray area is the region where potentially solitons can be arranged preceding the brightest soliton (on its left side). This region is bordered between t = 0 and the position of the brightest soliton t 1 . Black lines as connections between the solitons positions help to find the position of an assumed (n = 8)-soliton train (black dots).
The last soliton to be added to the array would have to have the lowest power and hence the largest temporal width. This can be continued only so far. Solitons at positions t < 0 cannot exist because they would require a nonphysical negative phase evolution.
On closer inspection the number of solitons depends only on the normalized Raman response time τ R = T R /T 0 . For values of approximately τ R > 0.17 no more than two solitons can be arranged. The maximum possible number of solitons increases for lower values of τ R and diverges for vanishing Raman selffrequency shift.
V. CONCLUSIONS
We present an analytic model, based on a perturbation approach, to clarify the conditions of existence of apparently stable soliton pairs in the general case that the pulses have unequal power. Three effects dominate the dynamics: The Kerr effect lets solitons interact; the Raman self-frequency shift moves them spectrally; finally, the differential phase evolution in the case of unequal powers acts back on the Kerr interaction. We find that equilibrium can be defined on two different levels of strictness: In the looser sense a pulse pair maintains its power profile at least approximately and on average, but the phase may evolve nonetheless. This situation is found from the constraint that Kerr interaction and Raman shift balance out initially; during propagation the differential phase evolution modifies stability. In the stricter sense, the complex field profile, i.e., both amplitude and phase, is preserved except for trivial phase shifts. This case is found by using an additional constraint on the phases.
We identify parameter regimes for both types of equilibrium. All findings are checked against the numerical situation, and they hold well.
Conclusions can now be drawn about the soliton pairs observed in [3, 4] and [5] ; also our earlier study in [6] can now be located in this more general framework. We maintain that [3, 4] is basically described by [6] which uses the looser equilibrium concept; [5] , however, apparently found the stricter equilibrium situation.
For this stricter case we show that also a larger number of solitons, up to some maximum, can combine to form an array which we call a soliton train. Due to the Raman frequency shift in the presence of dispersion, these trains move as a single entity.
